
2
.

-tumOptimization Algoritis
. I

Inthis leche me disus optimization methode

using quantum emputation approaches·

IoNerefirst concerned with combinatorial optimizatio
-

F

problems which can be formulated as the
-

minimization of a classical spir Hamiltonian.

Taking inspiration from the quantum adichatic

thema (been lot time) we can famille

te GAOA algorithm (ressembling the
-

quantum alternating method seem lost time) .

# We then will discuss the variational
-

autumeigensolen (VOE) algaithm of great

importance (in quanta chemistry for example) .
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to find the ground stake mange and first

excited states of a quantum system .

# There algorithms all require to optimise

over some set of parameters be it CAAmVOD
This can be done by formulating the eventual

algaithm as
ahybrid classial-quantum

algaithm. In this context me will also
-

discuss the panameter-shift rule which allows
--

toeasily perform gradient steps
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F . Combinatorial optimization problems .
-
-

Let Ca : 20, 13 - > R be functions

with Boclean arguments z -.. tu and refue

in 11 (a some finite interves , or boclean in [0, 1)).
We wantho mimimize (a maximite) the
-

objective :

((z)= Ca(z)

Often for each a = 1--- m the function depends

on 011 variables (and is said bobe lool)
trespectio in which is supposed to be

lange ↑

Using te mapping Si = -19 or

Zi = Sit we can rewritte (CE) as

same sat of classical spir system
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with classical Hamiltanian :

Hc(2)= Cal, , ... )

One can use the idea outlined lest time and

inmoduce a time dependent family :

#(t)
= (1 -EX + EH, (2)

where CIT and

He(E)= (...

Here we use info tractical ratation for Pauli

mariu X = o* & Tz = 2*
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-

F to the ground sal is

141012=8
Fa + = T he ground stele is given by

*
te minimum of Hc() : collit I

Is* s ... S* ) = 140(+1)I

Cassuming its unique for simplicity (

Recall the main idea behind the adiabatic

Madem : if he energy Eolt) of the

G 140Cts) is separated from the first

exciled state E, (1) by a gep 2 A The

fo T lange enough 14 (1) EC114o CO1
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The GAOA is inspired by this theen

and evolves the skate 140101) by a sequence

of "small" unitary steps. The emitary steps

ane generated successively by the :

· "cost Hamiltonian" Hc(Z ,
... Zn)

defined abore

· the "mixer Hamiltonian" Hy . Here

#Xi=Xe
We take a sequence of panemates ("angle" (

to be eventually oplimized upon 20---Um

& --- (for M"large enough) and

successively apply for i = --- M :

-iWit -Edit
U(ai(((i) = e 2

M
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The quantum circuit of RAOA correspond

toi

C

e
10)- Et

1

- /
imitiel stat

preparationas in the
14fin (2,017

adichatic thedan

We see that the basic difference with the

Quantum Alternating method lie in the fact

Act 14 find
(E
, ()) depend an

"variational parameters" & ,
I

.
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An optimal salution will be given* 8 * Net

enn i en ita

Etie*, 2) = <4) )Ha14fi)
One hopes that for M Ange enough

14 final
(** U

" ) has a lange avelop with

ISS-- , S the minimites of the

classical Hamiltonian .

For the optimization steps we can proced

as follows :

· <Peince(Hal Pfind) can be obtained

by repeated mesurements in the computational

basis since the depend only on ht . --- An and

is diagona in that basis.
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·(E , U) ar updated according to a

gradient step (say) :

2 = 1 - 27 Fe( ,Q

81 = U -& Efir( , E) .

· We iterate
.

Computing the gradiate above may to always

be easy . In section # we discuss special

cases where his can samehow be done

efficiently -
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#example Minimum
ventex com of a

We wish to show hars a typical application of

there ideas to a combinatorial optimization

problem . In the excise you will implement

gar A for this problem

Given a goph G = (V
, E) we want t

find the menimumsize of a subset of

terationonhthat every edge touches at

least once his subset . This subset is called
-

the minimalG ave
- O

Example : -
L

2-
3

V = 40, 1, 2, 33 E = 57013 , 423 , (02) , 32333
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Minimal covers are 10
, 23 and 12, 23

Note met 22 , 33 would not qualify as a cover

because edge 10, 1) don not touch the ret

Also 10, 1
, 2} is a cover but is no minimal.

ent ...

To implement DAOA we first have

to map this problem anto the minimization

problem of a certain classical spir system-

This can beclone through a general sont of

method which we outline here for te example.

Hopefully it is mas or en clear hew to proceed

for othe care. . For mas information we

refer to arXiv : 1302 . 5843 v3

(Anchewlucas : Ising famulations of many

Ni problems) .
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For the graph G = (V, E) and the

minimum velex core problem we should

minimize :

I Xv
-V

wher Xo = 1 if the valex is covered (colored
block(

and XN=O if the ventex is not covered (coloved white).

We must implement the constraint that for each

edge (M, EE at least Xv = 1 a Xu = 1 .

This means fo (4,/E : (1-Xw)(-Xu) = 0.

Thus me want cors that salisfy :

& ( - Xy)(1- Xw) = 0 ↑

(4,v/EE

This suggest the following Hamiltonian :
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H=EXr + [Dxx
CY
,NIEE

where I is a "lyange multiplia". It is

easy to see tat me should take 331 .

&rof : Indeed me should show that for

2) I we have min H
c (1) is

*-30, 12

chained on cores .
In This case

min Hc() = mi
XEgiSV ↓ ecres

(EnYw)
and we are minimizing the size of the aver.

Now take a cover , so tat is solistice

fo de cu
,
vieE (l-Yn)(1-Ev) = 0 . Flip

a valex f fromj = 1 (covered) to

* = o (uncoved) such that also for at

leastone odge the new X is not a cover. The
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.

Hc(x) = H
,
(*) - 1 + b
-

af lost S i

payed of onty
on edge is not

covered

We want Hc( *) < Hc(x which

impre 33 1. *

Of course this is not the only ponibility.

One can une oher cofficiants in frant of the

manomiats in He(X) . The fast step is

no mak a mapping to Spirs : Xv = Set -

This girlds eventually an antifenomagnatic
-

Fusingmodel in an externel mepratic field

(fa venlex coven)
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#viationalQuantum Eigensolven oly .

ECE)..

Recall the unictional principle of

quantum mechanics -
let It be a (hormitian)

Hamillenian . The GS energy to salisfice :

Eo = min <4 1H 142 .

1411=1
.

The variational methed use a con of "trief"

state 1 P(d)] with I same set of panamotos

and attempts to estimate Eo by minimiting

in the retricted et [141613) . In general this

Bielch an upper bound

Eo mi (416/H /y1d].
S
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The Will clow mas be a clan of

functions motivated by the physics of the problem .

Historically the principle was applied to such clame

depending on a swell number (2) ona) panamelas

In recent years people expled with same succen

the idea of taking Nouvel Normark representation

fa 14161) with many ranameters ("weights" (

fa d . Andhe approach is to take (41)

as the output of a panametrized quantum
--

circuit andoptimize aven the parameters endering
--

=the gate of the circuit. This is the mai

idea of VRE

We Rarefore et 14101 = ((0) 10
&M

when (
+
(0) ((0) =(0) [(0) = E

-
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The variational energy is

E (0) = <01 (0) Hild) 10)

and we knew that ECO)] Eo .

The

venictional side is obtained as :

valaitveniational state

the out is to choose [10) a sufficially

simple one & two gubit gate circuit which is at

te same time sufficietly expressive -

In proctice we must compute the GS energy

of a gantau Spir Hamilianian (e . g TFIM)
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a same feminic homiltanion lot has been

gubilized [by a Jadan-Wigun transfum a

a Bravyi-Kitev transfum) . So to

compute

M

2 vto Hil (0) = Ecoluto , Apicdlo
K=1

where Ak is a monamia in (F
,
X
,
Y , 2)

matrices we collect outputs of the circuits :

k = 1 . Mc

i
~

computational
besis measurement.

Fa example fe th TFIM :

N

H = -m[X
:
+ [Sijzitj

i
=, 25j)
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me use thevincuits :

·
for the transcense field be and

·
Fa the Ising terem.

In the exacises you
will discuss constructions for
t

[10). One <01 VldHildlo) is

-himaed by circuits outputs the panaches o on

updated typically through a gradiet step :

E = 1 - yE(I)
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Then the proce is itaaked . This the VRE is

c hybrid canical-quarter algaithm

The gradiant slep requires to compute To Elo)

which is not a prici easy asme heve accon to a

discute ret of retur of te function ECO) . This is

discused inSection III.

#Efor excited states :

We discus exciled states
.
The variational

principle can be generalized to get excited stare.

For te first exciled stake discused her for

simplicity we have :

Es = min <41H14)

143 + 1 to]
11 411 =1
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Thus no get an upper bound on E
, by

minimizingove a variational class :

< 4(51H1y103 - 3140/4131
where I is a lagrange multiplie

The idea of VRE is to et

141013 = 0() 10)
&2

140 = V(80) 10sem

↑

Found previously by minimitig

<olutio Hildo) 10)

Thus we now min ; mite : 2(5
,1) =

~tCHIOL-Skoli , ins lo



22 .

what are the circuits to compute thisspective

fe 2(0 , d) ?

For the first teven of [10, 61 we proced as

before .
For the secondter en me mote it is

give by Ko1 * ))" when 183 = v (TSK)
-

probability to measur 10] if the state

is 1E).

So we can were the circuit :

t
T

postrelect 10) and

gat fraction (0)1 ?

*
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Optimizationwith gredient descent steps
-

-parametershift rule-
-

As discursed in previous prographs on focus is

a stake of the fam

14 (013 = [(0) ... (02) (0 , 11 0

and lon fets of the form

2 (5) = < 41011 H 1 410. )

where I is a humition opender (typically a

polymanial a manomial of Parlimatric ) . Here

& = (G ,02-- , de) and each O may be a reto.

Typically we are bying to minimize a landscape

(a objective) with many penameles which is not annex.

This is a difficult optimization problm . The usual

approach is to use a GD a Stockestic GD
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Leven though this dount guarante bat we

find the true global minimum) .

*fical Voe a GAOA a Alt MaRed Algorithm

2) At ituation i, une the quantum computer

to etimcle &(02) with the current value

of variational parameters &" andestimat also

gradients Gp10") = To 210%

2) Update the panama the values according to a

GD Step : git = O - (0K

where y is a "small" learning rele .

3) itenate unble convergence according to a

suitable milion
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We have seen how do compute the loss function

by using measurement with suitable circuits.

One can proud similarty In gradients but

in specific applications there are mas efficient

strategic to do so

-anameershift rule.

-S
Typicallymo have Up(Op) = e

when Si is a Hermitian sperata which is

an in volution : Si=
fo example SK- > [E , X , 4, 25 a

S + 2 XXy , Yie5 , Fix Jet-- -

For involutions mo have a generalized form

of Enler's formule :
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-iSi()ei(
You can check this formul using S = 1 and

the Tayla expansion

Thus for any operation K we have

K(Ok)= (p) K E, (On

= A + B s Op + sid

[Exercise : compute operators E, Es, which are
-

independent of SK) .

=> 40 K(op) =-Bsid +E co

= [k(an+E) - k)5x -El]
=[E(t) KE(Op+El
-( -E) KYCOn-E) J
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Thus if we have a les of the fee :

2 (0 = Col WItVHUE(Wild

where N = U
+
(01) ... U

,
18,

Yu = -18... +,
18k+1)

~
in de perdent of OK ,

we get something of the fac :

4210) =<41KI
=<44(ot()1
~

=<4)FECOntEl KilEhtEl
-(E) KE -E]14

= [2(-Ok,-Tel
- 2(5-5- - - de (]
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This famule is very seenfying as it tells us

Pot to compute a gradient insteed for vaying

infinitesimally Or we can just compute the bon

of to poits OK +I &-E

Thus when we implement VRE in this calext

it is enough to run step 1 alove for OK ,Et

and OK-I- Step 2 is the immedice
-

I m conclusion the paramela shift rule and

similar ideas can often simplifi greatly the

implementation of hybrid classical -quantum

oplimization algailhms .
#


